Abstract. Let K be a real closed field with a nontrivial non-archimedean absolute value. We study a refined version of the tropicalization map, which we call real tropicalization map, that takes into account the signs on K. We study images of semialgebraic subsets of K n under this map from a general point of view. For a semialgebraic set S ⊆ K n we define a space S an r called the real analytification, which we show to be homeomorphic to the inverse limit of all real tropicalizations of S and to satisfy a real analogue of the tropical fundamental theorem. We also study its topological properties. If S is an algebraic variety, we show that S an r can be canonically embedded into the real spectrum Sr of S, and we study its relation with the Berkovich analytification of S.
Introduction
Let K be an algebraically closed field which is equipped with a non-archimedean nontrivial absolute value | . |. The map trop : K n → (R ∪ {−∞}) n , (x 1 , . . . , x n ) → (log |x 1 |, . . . , log |x n |)
is called the tropicalization map. For a closed algebraic subvariety X of K n , the associated tropical variety Trop(X) is defined as the closure in (R ∪ {−∞}) n of trop(X). In good situations, this tropical variety contains information about X, such as its dimension, degree, Chow cohomology class [MS15, §6.7] or the valuation of the j-invariant when X is an elliptic curves [KMM09] . Given a variety X over K, Berkovich defines the analytification X an of X, which is a connected Hausdorff topological space that contains X(K) as a dense subset [Ber90] . If X is a closed subvariety of A n , the tropicalization map above naturally extends to X an . The fundamental theorem of tropical geometry states that Trop(X) = trop(X an ) and that Trop(X) can be characterized by tropicalizing the polynomials that vanish on X (see [Dra08, Theorem 4 .2], [EKL06] , [MS15, §3.2]). Given an affine variety over K, Payne shows that X an is homeomorphic to the inverse limit of tropicalizations of all embeddings of X into affine spaces [Pay09, Theorem 1.1].
In this paper, we consider a similar setup, but with the following modifications and generalizations:
(1) K is real closed instead of algebraically closed; (2) the tropicalization takes the order on K into account; (3) X does not need to be an algebraic variety but may be only a semialgebraic set.
Our goal is to define a space X an r , which we call real analytification of X, and prove analogues of the fundamental theorem and the limit theorem for it.
For an algebraic variety we define X an r in Definition 3.1 and for a semialgebraic set S ⊆ K n , we define S an r in Definition 4.1. We prove an analogue of the tropical fundamental theorem in Theorem 6.5 and the analogue of Payne's theorem in Theorem 6.8.
Let us provide some more details. Let K be a real closed field with a nontrivial nonarchimedean absolute value | . | K that is compatible with the order on K. An example is the field of real Puiseux series R{{t}} = n∈N>0 R((t 1/n )). The real tropicalization map is defined as trop r : K n → R n , (x 1 , . . . , x n ) → (sgn(x 1 )|x 1 | K , . . . , sgn(x n )|x n | K ).
For a semialgebraic set S ⊆ K n , the real tropicalization Trop r (S) is defined to be the image of S under trop r after extending scalars to a field with value group R. The logarithmic version of this construction, without signs, was first used by Alessandrini in [Ale13] . For polytopes this was done earlier in [DY07] .
Since we do not want to restrict to a fixed orthant, we choose to omit the logarithm to simplify notation and to make the topology more apparent. This means that our Trop r (S) is not piecewise linear, but it is more meaningful topologically since we are taking into account all orthants, similarly to Viro's patchworking for hypersurfaces [Vir84] . For example, Celaya showed recently that the real tropicalization of a tropical linear space defined over R, and more generally the real Bergman fan of an oriented matroid, is the cone over a piecewise linear topological sphere in R n [Cel18] . We will see in Corollary 6.6 that if S is semialgebraically connected, then its real tropicalization is connected.
For an affine K-variety X = Spec(A), the Berkovich analytification X an of X consists of the K-seminorms on A, and the real spectrum X r consists of the orderings on A. We will review these notions in more detail in §2. In §3 we define the real analytification X an r as a topological space consisting of signed seminorms on the coordinate ring. We also introduce X an r for non-affine varieties. We study the topological properties of X an r and its canonical maps X an r → X an and X an r → X r in §3. In comparison with the real spectrum X r , we will see that the real analytification X an r is in fact homeomorphic to a subspace of X r which can be described entirely in terms of orders, consisting of the so-called relatively archimedean points.
In §4 we study the real analytification S an r for a semialgebraic set S. In §5 we explain how to tropicalize polynomial inequalities. To do this, we take a quick excursion into the realm of hyperfields. Hyperfields are algebraic structures similar to fields, but which allow multivalued addition. Jun shows in [Jun17] that both the Berkovich space X an and the real spectrum X r of a variety can be seen as the set of points of X over the tropical hyperfield and the sign hyperfield respectively. We recall his results and show that X an r can similarly be seen as the set of points of X over the tropical real hyperfield. The results by Jun provided some of our inspiration for the definition of X an r and the tropicalization of polynomial inequalities.
In §6 we turn our attention to the real tropicalization map and prove our two main theorems 6.5 and 6.8 mentioned above. An important step is Theorem 6.2, which shows that any point in trop r (S an r ) that satisfies an obviously necessary condition is already in trop r (S).
Background
For a commutative ring A, a subset P ⊆ A is called an ordering of A if P + P ⊆ P , P · P ⊆ P , P ∪ −P = A, and P ∩ −P is a prime ideal of A. The support of P is supp(P ) := P ∩ −P . With P we associate an order relation and a sign function in the natural way: Write f > P 0 and sgn P (f ) = +1 if −f / ∈ P , write f ≥ P 0 if f ∈ P and sgn P (f ) = 0 if f ∈ supp(P ). We can define < P and ≤ P in the obvious way, and we have sgn P (−f ) = −sgn P (f ), and . We may refer to the ordering as either P or < P .
The real spectrum Sper(A) of a commutative ring A is the set of orderings of A, with the Harrison topology given by the subbasis of open sets {P ∈ Sper(A) : f > P 0} for f ∈ A. See [BCR98] or [KS89] , for example. For an affine scheme X = Spec(A), the real spectrum X r is defined to be Sper(A). The real spectrum X r of an arbitrary scheme X is defined by glueing the real spectra of open affine subspaces. A point in X r is a pair (p, P ) where p is a scheme point of X and P is an ordering of the residue field K(p) of p. 
For P a , the support is T −a , and the residue field is R, which has a unique order. The other four types have support {0} with residue field R(T ). The real spectrum Sper R(T ) is identified with the subspace of Sper R[T ] consisting of orderings of the form P a + , P a − , P ∞ and P −∞ . We can think of P a + (resp. P a − ) as orders in which T is infinitesimally larger (resp. smaller) than a. The points of the form P a , P ∞ , P −∞ are closed, while {P a + } = {P a + , P a } and {P a − } = {P a − , P a }.
Let K denote a real closed field with a nontrivial non-archimedean valuation ν : K * → R, giving a non-archimedean absolute value |a| K = |a| = e − ν(a) (a ∈ K * ), |0| = 0. Being real closed, K has a unique ordering. We will always assume that the absolute value is compatible with this ordering:
. An example is the Puiseux series field K = R{{t}} = n≥0 R((t 1 n )). We will equip K with the topology induced by the order. The compatibility ensures that this topology is coarser then the one induced by the non-archimedean absolute value and both topologies agree if the absolute value is non-trivial.
For a K-algebra A, a (non-archimedean multiplicative) K-seminorm on A is a map | . | x : A → R ≥0 such that |a| x = |a| K for a ∈ K and |f g| x = |f | x · |g| x , and |f + g| x ≤ max(|f | x , |g| x ) (f, g ∈ A). For this text we only work with non-archimedean multiplicative K-seminorms and simply write "K-seminorm". The support of the seminorm | . | x is the prime ideal supp(| . | x ) = {f ∈ A : |f | x = 0}. An absolute value is a seminorm whose support is {0}.
The Berkovich spectrum M(A) is the set of K-seminorms on A with the coarsest topology that makes the map | . | x → |f | x continuous for every f ∈ A. See [Ber90] . A subbasis of open sets is given by the {| . | x ∈ M(A) : r < |f | x < s} where r < s are real numbers and f ∈ A. For an affine K-scheme X = Spec(A), the analytification X an is defined to be M(A). The analytification X an of an arbitrary K-scheme X is defined by glueing the spectra of open affine subschemes. A point in X an is a tuple (p, | . |) where p is a point in the scheme X and | . | is an absolute value on the residue field K(p) which is compatible with | . | K on K. See [Bak08] for a visualization of A 1,an , which will be discussed in Example 3.12.
Given any non-archimedean valued field (L, | . | L ), we denote by k L the residue field of the valuation ring of L and by f ∈ k L the reduction of f ∈ L with |f | ≤ 1. We also denote by Γ L := |L * | L the value group of L, a multiplicative subgroup of R >0 . Let P be an ordering of L that is compatible with | . | L . Then P induces an ordering P of the residue field k L by
Conversely, the Baer-Krull theorem tells which orderings P induce the same ordering P on k L :
I , there is a unique ordering P of L that is compatible with | . | L and satisfies P = Q and sgn P (f i ) = i (i ∈ I). In short, the map
It can easily be shown that an order on a non-archimedean valued field L that is compatible with | . | L extends in a unique way to the completionL of L.
Definition 2.2. Let X = Spec(A) be an affine K-variety. A semialgebraic set S ⊆ X(K) is a finite boolean combination of sets of the form {x ∈ X(K) : f (x) > 0}, where f ∈ A. An explicit expression for S in this way is called semialgebraic description of S.
3. The real analytification X an r Let K be a real closed field with an order-compatible non-archimedean absolute value. We will assume that this absolute value is non-trivial in Sections 3.3 and 3.4. Let X be a variety over K, by which we always mean reduced, irreducible, separated scheme of finite type. For a point p in the scheme X, let K(p) denote its residue field.
Definition 3.1. The real analytification of X is the set X an r consisting of all triples x = (p x , | . | x , < x ) where p x ∈ X, | . | x is an absolute value on K(p x ) extending | . | K , and < x is an order on K(p x ) compatible with | . | x . We equip X an r with the coarsest topology such that the support map X an r → X, x → supp(x) := p x is continuous and the map
is continuous for every open U ⊆ X and every regular functions f on U .
Remark 3.2. Note that the real analytification X an r is functorial in X in the obvious way.
For an affine K-variety X = Spec(A), the real analytification X an r has a description as the space of signed seminorms, which combines the constructions of Sper(A) and M(A), as we will now see.
The real Berkovich spectrum M r (A) is the set of all signed K-seminorms on A, with the coarsest topology that makes the map
Proposition 3.4. Let A be a finitely generated K-algebra and X = Spec(A). Then
, and an ordering {f ∈ A : |f | sgn x ≥ 0}, where the support of the seminorm and the support of the ordering coincide.
These procedures are mutual inverses, and it is easy to see that the topologies agree.
Proposition 3.5. Let K be a real closed field with a compatible non-archimedean absolute value. Then the completionK of K is also a real closed field with a compatible absolute value. Further, if X is a variety over K, then (X ⊗K) an r is homeomorphic to X an r .
Proof. Let K be the algebraic closure of K andK its completion. ThenK is algebraically closed and 2 = [K : K] ≥ [K :K]. Since the order on K extends to the order onK, we have thatK is real, thus real closed.
For the second statement, we may assume that X is affine. Then the statement is equivalent to showing that any signed seminorm on a K-algebra A extends uniquely to A ⊗ KK .
Since a signed seminorm on K[T 1 , . . . , T n ]/a where a is an ideal is just a signed seminorm on K[T 1 , . . . , T n ] whose associated prime contains a, we may reduce to the case X = A n .
We use the map (A
an r given by restriction of signed seminorms. We construct a section to show that this map is bijective. We will use the multiindex notation; that is, for a tuple I = (i 1 , . . . , i n ), we write
sequences b I,j → a I and define f j := I:|I|≤d b I,j T I and |f | sgn = lim j→∞ |f j | sgn . It is easy to check that this is well defined and indeed defines an extension of | . | sgn .
We now identify these two sets along this bijection and consider the two topologies, one defined by (A If there does not exist such an open affine U , we use the canonical map ψ :
an is Hausdorff by [Ber90, Theorem 3.4.8] and the proposition follows.
3.1. Tropicalization of X an r . Let X be an affine K-variety. Given a family of regular functions F = (f 1 , . . . , f n ) on X, we have a natural real tropicalization map
..,n By construction, this map is continuous.
Lemma 3.7. If f 1 , . . . , f n generate the coordinate ring A of X, the map trop r,F is a proper map of topological spaces.
Proof. Let B be a compact subset of R n . Since B is bounded, writing B = (trop r,F ) −1 (B), each f i is bounded on B . Since the f i 's generate A, by the ultrametric triangle inequality {|f | x : x ∈ B } is bounded for each f ∈ A. By construction, the map
is a homeomorphic embedding. Its image is closed, since it is defined by closed conditions 3.3 (1), (2) and (3). Thus B is a closed subset of f ∈A R.
Since all f ∈ A are bounded on B , the image of B is contained in a product of bounded closed intervals, thus contained in a compact subset by Tychonoff's theorem. Since B is closed, it is compact.
Again for a family F = (f 1 , . . . , f n ) of elements of A, there is a tropicalization map on X an given by
Lemma 3.8. The following map is proper:
Proof. The left hand set is a closed subset of R n by Lemma 3.7. The map R n → R n ≥0 , a → |a| is proper, thus so is its restriction to the closed subset trop r,F (X an r ) of R n .
3.2. Relation with the Berkovich analytification. Let X be a K-variety. In this section we study X an r via the canonical map
Lemma 3.9. The map ϕ is a proper map of topological spaces.
Proof. We may assume that X = Spec(A) is affine. Let F = (f 1 , . . . , f n ) be a family of elements of A that generate A. Let us consider the diagram
Both of the horizontal maps and the right vertical map are proper by Lemma 3.7 and 3.8, so chasing a compact subset of X an through the diagram shows that the left vertical map is also proper.
Proof. We may assume that K is complete by Proposition 3.5. Then this follows from Lemma 3.9 since X an is compact by [Ber90, Theorem 3.4.8].
Proposition 3.11. Let x = (p x , | . | x ) ∈ X an , let Γ x be the value group and k(x) the residue field of | .
, where D is a discrete set of cardinality |Γ x /2Γ x |.
Example 3.12 (The affine line). We will now describe the affine line over K, where K is real closed and complete with respect to a non-archimedean absolute value. We will describe A 1,an r by considering the map A 1,an r → A 1,an and looking at the fibers.
We view A 1,an as the set of pairs x = (p x , | . | x ) where p x is a point in the scheme A 1 and | . | x is an absolute value on the residue field K(p x ). Let k(x) be the residue field of the valuation ring of K(p x ) with respect to | . | x . We denote by H(x) the completion of K(p x ) with respect to | . | x . Its residue field with respect to | . | x is also k(x). Let K = K( √ −1) be the algebraic closure of K. The points in A 1,an are classified by Berkovich into four types as follows [Ber90, p. 17].
Type I: p x is a closed point of A 1 , and 
such as when K = R{{t}}, the real spectrum Sper k K (T ) is described explicitly in Section 2. In general it can be described using Dedekind cuts.
For a point x = (p x , | . | x ) of type II or III, there exists a unique closed disc D(a, r) = {z ∈ K : |z − a| ≤ r} where a is in K and r is a positive real number, such that
The point x is of type II if r ∈ |K| K and type III otherwise. It is real if and only if the disk D(a, r) contains a point in K, which means | Im(a)| ≤ r, where Im(a) denotes the imaginary part of a. Type IV points can be constructed from nested sequences of discs, and the real ones are obtained as sequences of discs with real points.
3.3. Relation with the real spectrum. In this section, we assume that K is real closed and that | . | K is non-trivial. Then |K| K is necessarily dense in R ≥0 . Further let X be a variety over K.
We first prove the following crucial lemma, which says that the absolute value of an extension field L ⊇ K is determined by the position of its elements relative to K.
Lemma 3.13. Let L/K be an extension of ordered fields with a compatible non-archimedean absolute values. Let f ∈ L and
Proof Proof. Let O K = {a ∈ K : |a| ≤ 1} be the given valuation ring of K. We may assume that X = Spec(A) is affine, so A is a finitely generated K-algebra. The image of X an r in X r = Sper(A) consists of all (p, P ) ∈ X r for which there is a maximal proper convex subring B of K(p) with K ∩ B = O K . Given (p, P ) ∈ X r , note that there always is a largest proper convex subring B of K(p) (since K(p)/K has finite transcendence degree), and that O K ⊆ B. By the previous remark, (p, P ) ∈ X We showed that ψ is a continuous bijection from a compact space to a Hausdorff space, thus necessarily a homeomorphism.
For the rest of this section, we view X an r as a topological subspace of X r by means of the topological embedding ψ. Every K-valued point in X(K) defines a point in X an r in a canonical way.
It is well known that X(K) is dense in X r , so we have the following corollary.
Corollary 3.18. We have the following inclusions of dense subspaces of X r :
If X is proper then X an r is compact (Corollary 3.10), so we have the following, since X
an r is a homeomorphism.
Proof. Let us denote by π r : (X × A 1 ) r → X r the canonical map on real spectra. Identifying X The case of general X follows from the affine case, which in turn follows from the A n case.
Semialgebraic Sets
As before, let K be a real closed field with a non-archimedean absolute value, and X = Spec(A) an affine K-variety. Let S ⊆ X(K) be a semialgebraic subset.
We denote byS the constructible subset of X r = Sper A associated with the semialgebraic set S. In particular, if S = m i=1 {ξ ∈ X(K) : sgnf ij (ξ) = ij j = 1, . . . , r} is any finite semialgebraic description of S (with f ij ∈ A and ij ∈ {−1, 0, 1}), thenS has the same description in the real spectrum, i.e. We generalize Corollaries 3.18 and 3.19 to the semialgebraic case, and we prove a converse to the latter: Proposition 4.2. Let S ⊆ X(K) be a semialgebraic set as above. Proof. (a) The inclusions are clear, and S is well known to be dense inS. For (b) we have to show:S max ⊆S arch ⇔ S is semialgebraically (s.a.) compact. This is well-known, but for lack of a suitable reference we indicate a proof: If S is s.a. compact, then for every f ∈ K[X] there is c ∈ K with f < c on S. So from [KS89, III.7] we see that every point inS specializes to a point inS arch . Conversely, if S is not s.a. compact, there exists a semialgebraic curve in S without an endpoint in S. Associated with it is a point iñ S max S arch .
It is easy to see that the spaces S an r are functorial with respect to morphisms of Kvarieties. In fact they are functorial also with respect to semialgebraic maps. Recall that a map φ : S → N (between semialgebraic subsets of affine K-varieties) is called semialgebraic if φ is continuous and its graph is a semialgebraic subset of S × N . Note that in turn, the connected components ofS are in natural bijection with the semialgebraic connected components of S.
Proof. It suffices to show that when S is semialgebraically connected, then S an r ∼ = S arch is connected as well. Let U i ⊆ X r (i = 1, 2) be open subsets such thatS
Since S is semialgebraically pathconnected, there exists a semialgebraic path γ : J → S from P 1 to P 2 . Using Lemma 4.3, it follows that J an r is disconnected. But J is semialgebraically compact, and so J an r = J max r is connected as well, a contradiction.
Hyperfields and tropicalization of inequalities
5.1. Hyperfields. A hyperfield/hyperring H is a set with a multiplication · and addition ⊕, where addition may be multivalued, that satisfies a set of axioms similar to those for a field/ring. We first recall some useful hyperfields as introduced by Viro in [Vir10] , where definitions can be found.
• The hyperfield of signs S has multiplicative group ({±1}, ·) with addition where 0 is the neutral element and 1 ⊕ 1 = 1, −1 ⊕ −1 = −1 and −1 ⊕ 1 = S.
• The tropical hyperfield T, with multiplicative notation, has as multiplicative group (R >0 , ·), and the addition is defined by
• The real tropical hyperfield RT has multiplicative group (R, ·) with addition
A morphism of hyperfields ϕ : H 1 → H 2 is a map which induces a morphism of multiplicative groups and satisfies ϕ(x ⊕ y) ⊆ ϕ(x) ⊕ ϕ(y). It is a direct consequence of the definitions that a seminorm on a ring A is the same as a morphism of hyperrings A → T.
Similarly, a signed seminorm on A is an morphism A → RT and an ordering on A is a morphism A → S.
Let H be a hyperfield with a topology and let K be a field with a morphism K → H. Let A be a K-algebra. Denote by Hom K (A, H) the set of homomorphisms of hyperrings ϕ : A → H which extend the given morphism on K. We endow it with the coarsest topology such that for all f ∈ A the map Hom K (A, H) From this point of view, one can furthermore canonically see the tropicalization map. Given a family F = (f 1 , . . . , f n ) we have
Our definition of X an r is inspired by Jun's work, and we have M r (A) = Hom K (A, RT) and trop r,F :
Jun also globalizes these constructions and defines the set of H-rational points X K (H) for not necessarily affine K-varieties X. He also shows the analogous results
Similarly one can show
5.2. Real tropicalization of K n and tropicalizing polynomial inequalities. For a hyperfield H, a polynomial in the variables x 1 , . . . , x n over H is a formal expression F = d1,...,dn∈Z a d1,...,dn x d1 1 · · · x dn n where all but finitely many coefficients a d1,...,dn are non-zero. For c = (c 1 , . . . , c n ) ∈ H n we have F (c) = d1,...,dn a di,...,dn c di 1 · · · c dn n ⊆ H. Given a tropical polynomial F in n variables over the real tropical hyperfield RT, we define the tropical semialgebraic sets in RT n defined by F = 0, F ≥ 0, and F > 0 to be, respectively, the sets
Recall that the tropical addition may be multivalued, and F (x 1 , . . . , x n ) is either a point or an interval of the form [−a, a].
dn n over RT obtained by replacing + with ⊕ and each coefficient with its signed seminorm. For any a ∈ K n , we have |f (a)| sgn ∈ trop r (f )(|a| sgn ) because the signed seminorm is a morphism of hyperfields from K to RT. In particular, The subset of RT 2 defined by
It coincides with the real tropicalization of, e.g.
The subset of RT 2 defined by
The real tropicalization of
consists of the shaded region and the point (0, 1), but not the two red segments. Compare with Figure 7 in [Ale13] . if a point a ∈ K n satisfies f ≥ 0, then |a| sgn satisfies trop r (f ) ≥ 0. On the other hand, if a point a ∈ K n satisfies trop r (f )(|a| sgn ) > 0, then f (a) > 0.
In general, even if K → RT is surjective, it is not the case that
For example, let S = {(x, y) ∈ K 2 : (x − 2) 2 + (y − 2) 2 ≤ 1}. Then trop r (S) consists of a single point (1, 1). However
cuts out two line segments which join (1, 1) to (−1, 1) and (1, −1) respectively. For more examples, see Figure 1 . However, we will see in Theorem 6.5 that tropicalizing all polynomial inequalities satisfied by a semialgebraic set S cuts out trop r S, if K → TR is surjective.
Limit of tropicalizations
In this section we let S ⊆ K n be a semialgebraic set, with Zariski closure X in A n . We denote by A the coordinate ring of X.
6.1. Density. Assume that the absolute value on K is non-trivial.
Theorem 6.1 (Weak Density). Let F = (f 1 , . . . , f n ) be a family of elements in A. Then trop r,F (S) is dense in trop r,F (S an Proof. This follows since S is dense in S an r (4.2) and trop r,F is a continuous map.
Theorem 6.2 (Strong Density). Let F = (f 1 , . . . , f n ) be a family of elements in A, and
This statement is true by model-theoretic reasons (Cherlin-Dickmann quantifier elimination for real closed fields with compatible valuations [CD83] ). We nevertheless give a proof with our methods.
Proof. The inclusion ⊇ is immediate, so we need to prove the opposite inclusion. After possibly shrinking S, we may assume it is basic semialgebraic, i.e. defined by inequalities g 1 ≥ 0, . . . , g s ≥ 0 and h 1 > 0, . . . , h r > 0.
After reordering we may assume
, and h 1 , . . . , h r by h 1 , . . . , h r , g t+1 , . . . , g s we may assume that all inequalities are strict.
We may also assume that none of the coordinates of z are zero by replacing X with the vanishing locus of f i if z i = 0 and S by its intersection with this set. After possibly replacing f i by c i · f i , where
we may assume that z = (1, . . . , 1).
Consider the map ϕ : X an r → X an . Then
by the Baer-Krull theorem 2.1, where D is a finite discrete set.
Then > Q defines a point in V and consequently a point | . | sgn Q in X an r ⊆ X r . Let C ∈ K such that |C| = 1 and the residue class of C in k K isC. Then
is an open subset of X r containing | . | sgn Q . Thus this set is non-empty and contains a rational point w ∈ X(K). Since C −1 < f i (w) < C we have |f i (w)| sgn K = 1 and since h j (w) > 0 meaning w ∈ S and trop F (w) = z.
We used the following lemma: Lemma 6.3. Let F be a real closed field and E a finitely generated extension of F . Let f 1 , . . . , f n ∈ E. Assuming that there exists an order of E where all the f i are positive, there also exists an order P of E where all the f i are positive and bounded over F (in the sense that there exists c ∈ F such that c > P f i for all i).
Proof. Choose an affine integral F -variety V for which F (V ) ∼ = E and f 1 , . . . , f n ∈ F [V ]. The semialgebraic set {ξ ∈ V (F ) : f i (ξ) > 0, i = 1, . . . , n} contains a nonsingular point ξ of V . Since ξ is nonsingular, there exists an ordering P of F (V ) specializing into ξ inside Sper F [V ]. Any such β satisfies the condition of the lemma, since f i < P c for c := 1 + max{f 1 (ξ), . . . , f n (ξ)}.
6.2. Fundamental theorem. Let K be a real closed field with a compatible absolute value (which might be trivial). Let L/K be an extension of real closed fields where the absolute value on L extends the one on K and is not trivial. Let M/L be an extension of real closed fields where the absolute value on M extends the one on L and |M | = R ≥0 .
Let S be a semialgebraic set defined over K and let S M and S L be the base-changes to M and L, respectively. Let A be the coordinate ring of the Zariski closure of S and
Let σ ∈ {1, −1, 0} n and denote by S σ = {x ∈ S | sgn(x i ) = σ i } and similarly for R σ , M σ , K σ and L σ . We first show that the tropicalization of any semialgebraic set coincides with the tropicalization of its closure.
Lemma 6.4. For any semialgebraic set S in K n and any σ ∈ {1, −1, 0} n , we have
Proof. The statement is immediate when the absolute value on K is trivial, so we may assume it is non-trivial.
The inclusion ⊆ is obvious. Now let y ∈ trop(S σ ) ∩ R σ . Let x ∈ S σ such that trop r (x) = y and let (x i ) i∈N be a sequence of points in S σ that converges to x. Since the absolute value is non-trivial, the topology on K n induced by the order is the same as the one induced by the absolute value. Thus there exists N ∈ N such that |x i j − x j | < |x j | for all i ≥ N and for all j with x j = 0. By the non-archimedean triangle inequality this implies |x
Theorem 6.5. The following subsets of R n agree:
(1) The tropicalization of the real analytification S an r of S: trop r (S an r ); (2) The tropicalization of the M -points of S:
(3) The set defined by tropicalization of weak inequalities satisfied by S in each coordinate orthant:
(4) The orthantwise closure of the tropicalization of the L-points of S:
If S is closed, then all these agree with the closure of trop r (S L ) in R n .
This is an analogue of the Fundamental Theorem of Tropical Geometry for semialgebraic sets; see [Dra08, Theorem 4 .2], [EKL06] , and [MS15, §3.2]. We will see later in Remarks 6.7 that it is necessary to deal with each orthant separately in (3).
We will denote by Trop r (S) the set described in the theorem above. The descriptions (2) and (4) are the most commonly found in the literature [Ale13, AGS16] .
For S in the positive orthant defined over R, Alessandrini showed that the logarithm of Trop r (S) agrees with the logarithmic limit set of S [Ale13] . He also showed that such a set S has a description whose tropicalization characterizes Trop r (S) [Ale13, Corollary 6.7], where inequalities can be joined by both and and or. But in description (3) of the Theorem above, we use only and in each orthant. On the other hand, Allamigeon, Gaubert, and Skomra showed that under a regularity assumption the tropicalization of a basic semialgebraic set in the positive orthant is defined by tropicalizing its defining inequalities [AGS16] .
It follows from the equivalence of (2) and (4) that the image of any semialgebraic set under the tropicalization map is closed in each orthant, when the value group of the field M is R. See also [AGS16, Theorem 10].
Proof. Since the map trop r respects orthants in the obvious way and (3) and (4) are constructed orthantwise, to prove the equivalence of (1) -(4), we may assume S = S σ for some fixed σ ∈ {±1, 0} n .
( (3) ⊆ (4): We prove the contrapositive. Suppose a point y ∈ R σ is not in the set described in (4). By passing to a coordinate subspace and changing signs of coordinates if necessary, we can assume that all coordinates of y are positive. We need to show that there is an inequality f ≥ 0 satisfied by S ∩L n >0 such that its tropicalization F = trop r (f ) gives F (y) < 0.
n is a closed subset of the first orthant, there is a rectangular box containing y in its interior, whose closure does not intersect trop r (S), defined by 0 < a i < x i < b i for i = 1, . . . , n. Since |L| is a dense subset of R ≥0 we may pick the a i and b i in |L|. This box is defined by the following tropical inequality on the positive orthant:
See Figure 2 for an example. So all x ∈ Trop(S M ) ∩ (R >0 ) n lie outside the box and satisfy F (x) > 0. Let f ∈ L[T 1 , . . . , T n ] be any polynomial such that trop(f ) = F . Then our original semialgebraic set S M ∩ M n >0 satisfies f > 0, so (3) satisfies F ≥ 0. But F (y) < 0, so y is not in (3). 
(4) ⊆ (1): We first prove the statement assuming K = L; then S = S L .
We have the following inclusions, where all closures are taken within the orthant corresponding to σ: 
Here the first inclusion is (1) ⊆ (2) applied to S L and the second inclusion comes from the fact that the canonical map S M → S an r is compatible with the tropicalization. This proves (4) ⊆ (1) and completes the proof of the equality of (1) − (4). We have the following Corollary, using Theorem 4.4. Corollary 6.6. If S is semialgebraically connected, then Trop r (S) is connected.
Remark 6.7. In the description (3) above, it is necessary to consider each orthant separately if n ≥ 2. That is, it cannot be replaced by
To see this, let S be the complement of the positive orthant in K n . We claim that for a polynomial f , if S ⊆ {f ≥ 0}, then {trop(f ) ≥ 0} = RT n ; therefore the intersection above is all of RT n .
Let F be a tropical polynomial such that {F < 0} ⊆ RT n >0 . We will show that {F < 0} = ∅, so {F ≥ 0} = RT n . Suppose not. Then there exists y ∈ {F < 0} where the maximum absolute value among terms in F (y) is attained uniquely at a term Recall that a semialgebraic set is called basic if it is defined by finitely many polynomial inequalities, as {x ∈ K n : f i (x) ≥ 0 for all i = 1, . . . , k and g j > 0 for all j = 1, . . . , m}.
For example, it is known that the set S = {x ∈ K We do not know whether the real tropicalization of every semialgebraic set S is "tropically basic" in the sense that it is cut out by tropicalization of finitely many inequalities satisfied by S. Given a second such sequence F = (f 1 , . . . , f r ) and a map τ : {1, . . . , m} → {1, . . . , r} satisfying f τ (i) = f i , the corresponding projection R r → R m , e τ (i) → e i induces a map is a homeomorphism, where the limit is taken over the finite families F in K[x 1 , . . . , x n ] as above.
Proof. The map is injective, since if x = y, there exists a polynomial f with |f | sgn x = |f | sgn y . Consequently, the images of x and y disagree in Trop r,F (S) for any F containing f .
To show that the map is surjective, let z ∈ lim ← −F Trop r,F (S); it assigns an element z F ∈ Trop r,F (S) to every finite family F of polynomials, satisfying compatibility conditions. Define a signed seminorm | . | is a seminorm, we need to check the following, for all polynomials f and g:
(1) |f | is continuous for all f , while on the right the topology is defined such that all projection maps, i.e. all maps lim ← −F Trop r,F (S) → Trop r,F (S) to a particular F are continuous. These conditions are equivalent.
